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(Localized induction equation: LIE) .
Schr\"odinger , ,
.
(Localized induction hierarchy: LIH)
. 2 $\mathrm{K}\mathrm{d}\mathrm{V}$ ,











, ( , ) .
, ,
.
, (=“ ’) ,
‘ (Localized induction equation: LIA)‘ .
Biot-Savart , (i) ,
$L$ , , (ii)
, . $\Gamma$ , , .
$s$ $t$ , $X=X(s, t.)$ , ,
(LIE)
$\frac{\partial’X}{\partial t}=c\kappa b$ ; $c= \frac{\Gamma}{4\pi}[\log(\frac{L}{\sigma})]$
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(Da Rios 1906). , $\kappa=\kappa(s, t)$ $b=b(s, t)$ , ,
. $L$ ( $=$ ) , $\sigma$
. , $L$ $\sigma$ ,
, $c$ . ,
. ;
( $=$ $b$ ), ( $=$ $\kappa$ ) .
Da Rios (1906) Betchov (1965) (1.1) $\kappa$ $\tau$ :
$\frac{\partial\kappa}{\partial t}$ $=$ $-c(2\kappa_{s}\tau+\kappa\tau_{s})$ ,
$\frac{\partial\tau}{\partial t}$ $=c \frac{\partial}{\partial s}(\frac{\kappa_{ss}}{\kappa}-\tau^{2}+\frac{\kappa^{2}}{2})$ (1.2)
$s$ , $s$ . Hasimoto (1972) ,




. $a(t)$ . , (1.1)
. 1 ,
. , Hasimoto (1971) ,
Euler . Kida (1981)
3 , Euler 3
Kirchhoff (I asimoto&Kambe 1986; Tsuru 1987;
Langer&Singer 1996; ffikumoto 1997). \S 3
$\grave{\grave{3}}$ ,
(\S 2-5) Kirchhoff .
, ‘ Hamilton
) : Hamilton ,
, . Schr\"odinger , Magri $(197\mathrm{S})$
, biHamiltonian , 2 Hamiltonian
, ( $=$ ) ( Lie )
Hamilt $\mathrm{G}\iota\eta$ ‘ ’ . Langer&Perline
(1991) , Poisson ,
. ‘ (LIH)’




$=$ $\kappa b$ , (1.5)
$V^{(2)}$ $=$ $\frac{1}{2}\kappa^{2}t+\kappa_{s}n+\kappa\tau b$ , (1.6)
$V^{(3)}$ $=$ $\kappa^{2}\tau t+(2\kappa_{\mathit{3}}\tau+\kappa\tau_{\mathrm{S}})n- 4_{\mathfrak{l}}-(\kappa\tau^{2}-t_{\acute{\mathrm{b}}}s-s\frac{1}{2}\kappa^{3})b$ , (1.7)
.$\cdot$
.
$V^{(n)}$ $=$ $-X_{s}\cross V_{\mathit{8}}^{(n-1)}$ $\mathcal{T}^{(n\rangle}X_{s}$ , (1.8)
.$\cdot$
.
. (1.8) $\mathcal{T}^{(n)}$ ,
: $V_{s}^{\langle n)}\cdot X_{s}=0$ .
$V^{(1)}$ , (11) .
, , , ,
, (Maxworthy, Hopfinger&Redekopp 1985).
, , ( $=$ ) ‘ (vortex-jet
filament)’ . Moore&Saffman (1972)
,
. , Moore-Saffinan
$\frac{\partial X}{\partial t},$ $=cX_{s} \mathrm{x}X_{ss}+W[X_{sss}+\frac{3}{2}(X_{ss}\cdot X_{ss})X_{s}]$ (L9)
(Fukumoto &Miyazaki 1991). , 2, 3 $W$ ,
$v^{(0)}(r)$ $w^{(0)}(r)$ ,
$W \approx\frac{4\tau_{\mathrm{t}}}{\Gamma}c[\int_{0}^{\infty}rw^{(0)}\mathrm{d}\tau]+\frac{2\pi}{\Gamma}\int_{0}^{\infty}r^{2}v^{(0)}w^{(0)}\mathrm{d}r$ (1.10)
. I . $W$ . 2 Lffl
2 $V^{(2)}$ , Moore-Saffman (1.9) , ,
$X_{t}=cV^{(1)}+WV^{(2)}$ $(1.\tilde{[perp]}1)$




. , Schr\"odinger 2 . 2
$\mathrm{K}\mathrm{d}\mathrm{V}$ . \S 2 , (1.9) Kirchhoff
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. \S 4, 5 , , Kirchhoff LIH
.
, 3 $V^{\langle 3)}$ .
,
(1.7) (Fukumoto&






$\frac{\partial X}{\partial t}=-c_{0}t+V$ (2.1)
. , $c_{0}$ , . (1.9)
, ,
$-c_{0}.t+V=ct \rangle\langle t_{s}+W(t_{ss}+\frac{3}{2}\kappa^{2}t)$ (2.2)
.
$c_{0}$ . $t$ ,







(cf. Fukumoto 1997) ; $s$ $t$
$\mathrm{g}_{\mathcal{K}}[searrow]$ . $\text{ }\prime\leqq\Leftrightarrow^{\wedge}$
$W$ , $t$ , $t\cdot t=1$ $\text{ }\prime \text{ }$
$S^{2}$ $1_{\mathit{1}}\mathrm{a}$ .
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$V$ , 2 $S^{2}$ .




. , (11) $c$ . $c>0$
tt .
, 4 .
, $t$ . 4
. .
Lagrange (Fukumoto 1997),
3 , Kirchhoff , (Love 1926).
, (i) , (ii)
, . (
, ) . , ,
$X=X(s)$ , $t(s)$ $(e_{1}(s))e_{2}(s),$ $t(s))$ ,
, (material frames), , $(t(s)-)$
$X(s)$ . ,






. , $\omega$ (bending stiffness)
$A$ , (torsional rigidity) $C$ ,
:













(2.5) , (2.12) :
$\frac{\mathrm{d}}{\mathrm{d}s}[W(t\mathrm{x}t_{s})-ct]=t><V$ . (2.14)
, 1 . $c_{0}$




. (Kida 1981) Kirchhoff
(Hasimoto&Kambe 1985; Fukumoto 1997).
, .
Kida (1981) , , ( $z$ ) ,
,
:
$cX_{s}\mathrm{x}X_{ss}=-\hat{c,0}X_{s}+\hat{\Omega}e_{z})\langle X+\hat{V}e_{z}$ . (3.1)
, $\hat{\Omega}$ $\hat{V}$ , , , . $\hat{c}_{0}$ ,
. , Da Rios-Betchov (1.2),






1 . $c$ ‘ $j$
‘ ’ . $T$ ,
$V$ , $\hat{\Omega}$ e . (3.2) $s$
(2.5) .
, (1.8) . .
4 I




$E= \frac{A}{2}\oint_{0}^{L}\kappa^{2}\mathrm{d}s+\frac{C}{2}\oint_{0}^{L}\omega_{3}^{2}\mathrm{d}s$ . (4.1)
Kirchhoff .
(\S 5) ( [15], $[30_{\mathrm{J}}^{\rceil}$ ).
, , $t$
$\omega_{3}(2.10)$ $\tau$ .
( (4.1) 2 ) $\omega_{3}$ , ( $e_{1}$ , e2, $t$ )
$e_{1}$ e2 . , (2.i4)
$t$ , .
$t$ ?
$\omega_{3}=$ (2.13) (Langer&Singer 1996)
.
, 3 ,
. Langer&Singer (1996) ,
$\omega_{3}$ $\tau$ , ,
. , , , .
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, $L$ , $e_{1}(s+L)=e_{1}(s),$ $e_{2}(s+L)=e_{2}(s)$
. , Frenet-Serret $(n, b, t)$ 1
, $n(s)$ $t$ $\mathrm{e}_{1}(s)$ $t$
$2\pi$ .
. , , , $s=0$,
$e_{1}(0)$ (Fermi-Walker transport) $1_{\sqrt}\mathrm{a}$
(Littlejohn 1988). , $n(s)$ $\tau$ , $e_{1}(s)$ $\omega_{3}$ .
, 1 .
, $n(\in \mathbb{Z})$ , (Moffatt&Ricca1992):
$2 \pi n=\oint\tau \mathrm{d}s^{\backslash }--\omega_{3}$L. (4.2)
, $\omega_{3}L/(2\pi)$ (totat twist number) .
, , $\oint\tau \mathrm{d}s$
.
$\tau=\frac{1}{\kappa^{2}}(t\cross t_{s})\cdot t_{ss}$ (4.3)
, $t(s)(0\leq s\leq L)$ ,
$H[t]= \frac{A}{2}\int_{0}^{L}t_{s}\cdot t_{s}\mathrm{d}s+\alpha\int_{0}^{L}\frac{(t\mathrm{x}t_{s})\cdot t_{ss}}{t_{s}\cdot t_{s}}\mathrm{d}s+\frac{1}{2}\int_{0}^{L}\beta(s)(t\cdot t-1)\mathrm{d}s$ (4.4)
. $\mathrm{C}\nu$ Lagrange . ,
$t\cdot t=1$ . $\beta$ ,





. 2 $\oint\tau \mathrm{d}s$ Z .
$t(s^{\backslash })$
$\mathrm{f}\mathrm{f}\mathrm{i}’\backslash \text{ }$
$\text{ }\mathrm{g}^{\backslash }$ $S^{2}$ ( $=\mathrm{G}\mathrm{a}\mathrm{u}\mathrm{s}\mathrm{s}$ ) , $\oint\tau \mathrm{d}sl\mathrm{h}S^{2}$
$\mathrm{f}\mathrm{f}\mathrm{l}J\backslash \cdot$
$\mathrm{f}\mathrm{f}\mathrm{i}\exists$ $S^{2}$ f’‘ ff\mbox{\boldmath $\xi$}\neq ^ , Gauss-Bonnet , $t(s)(0\leq s\leq L)$
$S^{2}$
$\mathrm{t}_{\sqrt}\mathrm{a}$ (Fukumoto 1997).
, $t(s)$ $arrow t(s)+\delta t(s)$ , ffi U“
-
$\delta\kappa,$
$\delta\tau$ . $\kappa^{2}=t_{s}\cdot t_{S}$ ,
$\delta\kappa=n\cdot\delta t_{s}$ (4.6)
. (4.3) , (4.5)
$\prime_{\sqrt}\mathrm{a}$ ,
$\delta\tau=\frac{\mathrm{d}}{\mathrm{d}s}(\frac{b}{\kappa}\cdot\delta t_{s})+(\kappa b+\tau t)\cdot\delta t$
(4.7)
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(cf. Langer&Perline 1991). , (4.4) $\delta H$
$\delta H=\oint_{\mathit{0}}^{L}\{\frac{\mathrm{d}}{\mathrm{d}s}(At_{s}\cdot\delta t+\frac{\alpha}{h’}b\cdot\delta t_{s})+[-At_{ss}+\alpha(\kappa b+\tau t)+\beta(s)t]\cdot\delta t\}\mathrm{d}s$ (4.8)
. (4.4) , $C^{3}$
, , (4.8) 2 . ,
, $\delta H=0$ $\delta t(s’+L)=\delta t(s)$ $\delta t(s)(0\leq s\leq L)$
. , (4.5) , $\delta X(s+L)=\delta X(s)$
$\grave{\delta}X$ $\delta t=(\delta X)_{s}$ ,
, (4.8) $[]$ , 0 , .
V ,
$At_{ss}-\alpha(\kappa b+\tau t)-\beta t=V$ (4.9)
. ,
$At_{ss}-\alpha t\mathrm{x}t_{s}-(\beta+‘ 1’\tau)t=V$ (4.10)
.
\S 2 (2.2) (2.4) , $V$ ,
$A-W$ , $\alpha--c$ , $\betarightarrow c\tau-\frac{3}{2}\kappa^{2}W-c_{0}$ (4.11)
. 1 , $V$
, (4.8) . $\alpha=C\omega_{3}$ , $c\ell$
. $\beta$ $c_{0}$
.
(4.4) 2 $\oint\tau \mathrm{d}s$ 1 $\oint\kappa^{2}\mathrm{d}s$ l , (11)









(Kawakubo 2000, $2004$) $.$ Euler (Tsuru 1987) ,
\S 4 , Euler .
$(e_{1}(s), e_{2}(s^{7}),$ $t(s))$ .
, $\omega$ , (2.7) ,
$\frac{\mathrm{d}e_{1}}{\mathrm{d}s}=\omega\cross e_{1}$ (5.1)
. e2 , $e_{2}=t\cross e_{1}$ .
$t\cdot t=1$ , $e_{1}\cdot e_{1}=1$ , $t\cdot e_{1}=0$ (5.2)
. $\omega$ $\omega_{3}(2.10)$ , (5.1) ,
$\omega_{3}=t\cdot(e_{1}\cross\frac{\mathrm{d}e_{1}}{\mathrm{d}s})$ (5.3)
. , (5.2) (4.1)
$\hat{E}[t,$ $e_{1_{\mathrm{J}}}^{\rceil}$ $=$
$\frac{A}{2}\int_{0}^{L}t_{s}\cdot t_{s}\mathrm{d}s+\frac{C}{2}\int_{0}^{L}[t\cdot(e_{1}\mathrm{x}e_{1s})]^{2}\mathrm{d}s+\frac{1}{2}\int_{0}^{L}\lambda_{1}(s)(t\cdot t-1)\mathrm{d}s$
$+ \frac{1}{2}\int_{0}^{L}\lambda_{2}(s)(e_{1}\cdot e_{1}-1)\mathrm{d}s+f_{0}^{L}\lambda_{3}(s)t\cdot e_{1}\mathrm{d}s$ (5.4)
$t(s)$ $e_{1}(s)$ $(0\leq s\leq L)$ . , $\lambda_{1},$ $\lambda_{2},$ $\lambda_{3}$ ( Lag.range
, $(_{\backslash }5.2)$ , $s$ .
$t(s)arrow t(s)+\delta t(s),$ $e_{1}(s)arrow e_{1}(s)+\delta e_{1}(s)$
$\delta\hat{E}$ ,
$\delta\hat{E}$
$=$ $I_{0}^{L} \{\frac{\mathrm{d}}{\mathrm{d}s}[At_{s}\backslash \delta t+C\omega_{3}(t\mathrm{x}e_{1})\cdot\delta e_{1}]$
$+\{$
$+[-At_{ss}+C\omega_{3}e_{1}\mathrm{x}e_{1s}+\lambda_{1}(s)t+\lambda_{3}(s)e_{1}]\cdot\delta t$
$C \omega_{3}(2e_{1s}\rangle\langle t+e_{1}\mathrm{x}t_{s})-C\frac{\mathrm{d}\omega_{3}}{\mathrm{d}s}t\mathrm{x}e_{1}+\lambda_{2}(s)e_{1}+\lambda_{3}(s)t]\cdot\delta e_{1}\}\mathrm{d}s$ (5.5)
. , 1 . , $\delta e_{1}(s+L)=e_{1}(s)$ ,
$\delta t(s+L)=t(s)$
$\mathrm{f}\mathrm{f}^{\mathrm{R}},\Leftrightarrow-$ $\tilde{\delta}t(s),$ $\delta e_{1}(s)(0\leq s\leq L)$ { , $\delta\hat{E}=0$
, $\delta e_{1}$ T\vdash J 0 , (4.5) ,
$\delta t$ $l\#\backslash \text{ }\backslash$
$i^{7}\text{ }$
. $V$ . , Euler-Lagrange
:
$At_{ss}-C\omega_{3}e_{1}\mathrm{x}e_{1s}-\lambda_{1}t-\lambda_{3}e_{1}=V$ , (5.6)
$C \omega_{3}(.2e_{1s}\cross t+e_{1}\mathrm{x}t_{s})-C\frac{\mathrm{d}\omega_{3}}{\mathrm{d}s}t\mathrm{x}e_{1}+\lambda_{2}e_{1}+\lambda_{3}t=0$ . (5.7)
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$e_{1}$ . 2 (5.7) e2 ,
$C \frac{\mathrm{d}\omega_{3}}{\mathrm{d}s}=0$ , (5.8)
, (2.13) . (5.7) $t$ ,
$\lambda_{3}=C\omega_{3}\omega_{1}$ (5.9)





, Langer&Perline (1996) .




(Kawakubo 2000, 2004). ,
(
) ,





. (1.12), , (1.9)
. $\mathrm{K}\mathrm{d}\mathrm{V}$ (Go[dstein&Petrich 1991)
(Matsutani 1998).
, (\S 1) , (LIH) ‘ (skelton)’
. Euier [ ]/[ ]
. 1 (1.5) (1.1), 2 (1.6) (jet) ,




$X_{t}=V^{(1)}+ \epsilon V^{(2)}+\epsilon^{2}V^{(3)}+\cdots=\sum_{n=1}^{\infty}\epsilon^{n-1}V^{(n)}$ (6.1)
. $\epsilon$ . , ,
. (1.8) , (Fukumoto
& Miyajima 1996) :
$X_{t}=X_{s}\mathrm{x}X_{ss}-\epsilon X_{\mathrm{S}}\mathrm{x}X_{ts}+TX_{s}$ . (6.2)
,
$T= \frac{1}{2}$ \epsilon X $X_{t}+b(t)$ (6.3)
, $b(t)$ $t$ .
, Lund-Regge
(Fukumoto &Miyajima 1996; Konno&Kakuhata 1999). $\not\in^{\prime J}\xi$ ,







. (1.1) ( (6.2)
, (1.1) $1_{\mathit{1}}\mathrm{a}$ .
, Euler t/‘ Navier-Stokcs
(6.2) ?
.
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